Abstract. We study monodromy action on abelian varieties satisfying certain bad reduction conditions. These conditions allow us to get some control over the Galois image. As a consequence we verify the Mumford-Tate conjecture for such abelian varieties.
Introduction
There are two long outstanding conjectures due to Hodge and Tate related to the structure of the ring of algebraic cycles modulo homological equivalence. The Mumford-Tate conjecture implies that for abelian varieties the two are equivalent. The focus of this work is on the Mumford-Tate conjecture for special classes of abelian varieties.
Let X be a smooth projective algebraic variety over C. Then its r-th cohomology group admits the Hodge decomposition: H r (X, C) = ⊕ p+q=r H p,q (X). The Hodge A. Lesin cycles are those rational cohomology classes, i.e., elements of H˙(X, Q) that sit in the components H p,p (X) via the canonical embedding H˙(X, Q) ֒→ H˙(X, C). Denote H p (X) := H p,p (X) ∩ H 2p (X, Q) the group of codimension p Hodge cycles. Then that H(X) := ⊕ p H p (X) has a ring structure with respect to the cup-product. It is immediate that rational linear combinations of the cohomology classes of algebraic subvarieties in X (=: algebraic cycles) are Hodge. The Hodge conjecture claims that the converse is also true, viz., all the Hodge cycles are algebraic.
The only general result in this direction is the Lefschetz (1,1)-theorem asserting algebraicity of all codimension 1 Hodge cycles (= rational (1,1) cohomology classes, hence the name). Denote D(X) the subring of H(X) generated by On the other hand, for an algebraic variety defined over an algebraic number field, say K ⊂ Q, one can consider ℓ-adicétale cohomology Hė t (X Q , Q ℓ ). The Galois group Gaℓ(Q/K) acts continuously on Hė t (X Q , Q ℓ ). If F is a finite extension of K, then the open subgroup Gaℓ(Q/F ) of Gaℓ(Q/K) acts by the p th power of the inverse of the cyclotomic character χ ℓ on the cohomology classes of F -rational codimension p algebraic cycles. If for an arbitrary ℓ-adic Galois representation W and an integer n ∈ Z W (n) := W ⊗χ From now on, we restrict ourselves to the case of abelian varieties defined over number fields. On the one hand, this case is more concrete, and some progress has been made; on the other, it has important arithmetical applications.
Although not known in general, the analog of the (1,1)-theorem for the Tate cycles of codimension 1 for abelian varieties has been proved by Faltings [F] . Hence, as above, we can conclude that the Tate conjecture holds for an abelian variety A satisfying T ℓ (A) = D ℓ (A), where D ℓ (A) is the ring ofétale cohomology classes generated by divisors.
It is known that generically, but not always, the Hodge (resp. the Tate) cycles
The first (counter)example due to Mumford (cf. [Po] ) features a CM abelian 4-fold. Weil [W] has shown that the essential feature of Mumford's example causing H = D to fail is an action in a special way of a quadratic imaginary field k on an abelian variety. Namely, consider a family of abelian varieties of even dimension, say 2d, whose endomorphism algebra contains such a field k with the signature of the k-action (d, d) . Generically for such a family, the ring of Hodge cycles is generated by divisors together with an exceptional (non-divisorial) cycle of codimension d.
Recently, C. Schoen proved the Hodge conjecture for one family of abelian 4-folds of Weil type (with an action of Q(µ 3 )).
Our initial motivation was to answer a question of Tate on whether the Tate conjecture holds for this family (cf. [T 2], p. 82). The affirmative answer was obtained independently by Moonen-Zarhin (cf. [MZ] ).
In general, both conjectures seem to be very difficult in codimensions > 1.
The existence of the comparison isomorphisms between the ℓ-adic and singular cohomology theories carrying algebraic cycles in one theory to another suggests that the Hodge and the Tate conjectures describe essentially the same object. So, it is natural to ask if the two conjectures are equivalent in some sense. The precise statement in the case of abelian varieties constitutes the Mumford-Tate conjecture, which we denote by MT. It asserts that the Hodge and the Tate conjectures are equivalent for an abelian variety and all its self-products.
Concretely, for an abelian variety A over a number field K, there exists a connected reductive algebraic subgroup Hg(A) of GL(V ) defined over
for some prime number ℓ ∈ Z), such that the Hodge (resp. the Tate) cycles of codimension p are obtained as invariants in
is not the Lie algebra of the image of Gaℓ(Q/K) in GL(V ℓ ), but the intersection of the Lie algebra of this image with sl(V ℓ ). That is why we do not Tate-twist theétale cohomology group.)
Deligne, Piatetskii-Shapiro and Borovoi proved a "half" of MT, viz., h ℓ (A) ⊇ g ℓ (A). Hence the Tate conjecture implies the Hodge conjecture.
MT for abelian varieties of CM-type is a consequence of the results of Shimura and Taniyama (cf. [ShT] , [Po] ). This must have been the motivating factor behind Mumford- Tate. MT has been proved in a few (non-CM) cases by imposing restrictions on the size of the endomorphism algebra and adding some divisibility conditions on the for abelian varieties satisfying certain conditions on the Galois action at a prime of good reduction. In all these cases the Tate cycles are generated by divisors, hence the Tate conjecture holds. The result now follows from the "known half" of MT.
The main thrust of this work is to show that under suitable bad reduction conditions we can control the image of Galois; in particular, MT holds for a class of abelian varieties, including some Weil-type abelian varieties (for which the Tate conjecture is not known).
Note that if A is an absolutely simple abelian variety, e = (End • (A) : Q) the degree over Q of its endomorphism algebra, and A has bad reduction at some prime ℘, then e divides the dimension of the toric part of the reduction.
The following is the main result of this work (see Theorem 6.4)
Main Theorem. Let A be an absolutely simple abelian variety, End
imaginary quadratic field, g = dim(A). Assume A has bad semi-stable reduction at some prime ℘, with the dimension of the toric part of the reduction equal to 2r, and gcd(r, g) = 1, and (r, g) = (15, 56) or (m − 1,
). Then MT holds.
Roughly speaking, the idea is the following. If A is an abelian variety with bad semi-stable reduction at some prime ℘ (of its field of definition), then the action of the inertia at ℘ on on the ℓ-adic (℘ ∤ ℓ) Tate module of A is unipotent of "rank" equal to the dimension of the toric part of the identity component of the the special fiber of the Nèron model of A at ℘ (=: toric rank). If A satisfies the conditions on the "size" of the endomorphism algebra and the toric rank imposed above, then the rank of the unipotents (in the inertia image) is prime to the dimension of the Galois representation, which is a sufficiently restrictive condition, given our knowledge of the possible Galois representations arising in this situation.
Note that people have looked at the special elements in the monodromy action before (cf. 6.8).
As mentioned above, MT is known to hold for CM abelian varieties. It is also known (e.g., [ST] ) that such abelian varieties have good reduction at all primes, after possibly a finite base change. But the set of abelian varieties with (potentially) good reduction everywhere is "small" in a corresponding moduli space, i.e., it is a very rare occasion that an abelian variety has everywhere (potentially) good reduction. Indeed, such abelian varieties correspond to "integral" points of the moduli space (cf. loc. cit., Remark (1), p. 498) and as "sparse" as integers in a number field. So, "most" of the abelian varieties do have bad reduction "somewhere." We have reasons to believe that abelian varieties with minimal bad reduction (e.g., the case r = 1 of Theorem A) are the "most typical" (cf. [L] ).
Along the way we established various other results. They are:
• toric part of its reduction is either 2 or prime to 2 dim(A), then MT holds (Theorems 6.5, 6.6 ).
• MT holds for some abelian 4-folds A with End
• (A) = Q (Theorem 5.2).
• For some abelian varieties, either MT or the Hodge conjecture holds (Theorem 7.1, Remark 7.2(4) ).
The question of existence of abelian varieties considered here and the "size" of the set of such varieties in the corresponding moduli spaces is addressed in [L] .
This work started with 4-dimensional case, part of which was independently obtained by Moonen-Zarhin. Since this has been published ( [MZ] ), we do not treat this case here (see, however, section 2). 
We recall the Albert classification of the possible types of the endomorphism algebras D (cf. [MAV, §20] 
):
I : D is a totally real field; II : D is a indefinite quaternion algebra over a totally real field F , i.e., D ⊗ F R is a sum of f := (F : Q) copies of M 2 (R);
III : D is an definite quaternion algebra over a totally real field F , i.e., D ⊗ F R is a sum of f := (F : Q) copies of the Hamiltonian quaternions H;
IV : D is a division algebra over a CM -field;
By abuse of language we say that A is "of type I (II, ...)" if its D is of this type.
0.1. Recall that V R := V ⊗ Q R is given a complex structure induced by the natural isomorphism between V R and the universal covering space of A(C) (cf. [MAV] ).
Therefore we obtain a homomorphism of algebraic groups, defined over R, where T is the compact one-dimensional torus over R, i.e., T R = {z ∈ C | |z| = 1}, by the formula ϕ(e iθ ) = the element of GL(V ), which is multiplication by e iθ in the complex structure on V R .
Note that there is a non-degenerate skew symmetric (Riemann) form Θ : V ×V → Q and that ϕ satisfies the Riemann conditions (cf. [M 1]): Since A(C) is a compact smooth Kähler manifold,
Hodge decomposition
Thus we obtain a homomorphism
by defining µ(z), ∀z ∈ C × , to be the automorphism of V C which is multiplication by z on H −1,0 (A) and by the identity on H 0,−1 (A).
Definition. The Mumford-Tate group M(A) of A is the smallest algebraic subgroup of GL(V ) defined over Q which after extension of scalars to C contains the image of µ.
Clearly, over C, M(A) is the subgroup of GL(V ) C generated by the conjugates σ µ, ∀σ ∈ Aut(C). Theorem.
Hg(A) is a connected reductive group.

D (= End
• (A)) = End Hg(A) (V ) = End h (A), where h := Lie(Hg(A)). 
Hg(A) is semi-simple for an abelian variety
Theorem. The Hodge group Hg(A) is the largest (reductive) subgroup of GL(V ) fixing all the Hodge classes of
By the Künneth formula
Hence, in the view of the previous theorem, the Lefschetz (1,1)-theorem for abelian varieties takes the following form.
0.1.5. Following Ribet and Murty (cf. [Ri] , [Mu] ) we make the following Definition. The Lefschetz group L(A) of A is the connected component of the identity of the centralizer of End
The following are the main results about the Lefschetz group (cf. [Mu] , also [Ri] , 
Here C ? is the center of ?, and ? ss is the semi-simple part of ?.
is the fixed (identity) embedding k ֒→ Q. In this case V R := V ⊗ R has two complex structures. One is given by the isomorphism
and the other by the action of k ⊗ Q R(≃ C). Hence the splitting
The two complex structures coincide on one of the subspaces, say V ρ , and conjugate on the other, V σ . If
Recall that the Rosati involution is the involution on
by the Riemann form (cf. 0.1). The Rosati involution is positive, consequently, the field it fixes is totally real (cf. [MAV] ).
In the case k ⊆ D we always assume that the Rosati involution preserves k. The positivity of the involution implies that it acts on k non-trivially. Hence this action coincides with (the complex conjugation) σ.
0.2.2.
Since h and l centralize D (cf. 0.1.2 and 0.1.5)
where
the Lie algebra of the unitary group of a k-Hermitian form on V viewed as the k-vector space (cf. 0.2). Extending scalars to k we get
The h-invariant k-Hermitian form referred to above is a non-degenerate element ofV ⊗Ǔ (cf. [D 3, Lemma 4 .6]), hence the isomorphism U ∼ =V of h-modules. Clearly the projection of h k to u(V ) is h, thus we can rewrite (0.2.2.1)
(Note. The embeddings above are considered over k.)
From this we get:
, where ℓ nA(Q) = kernel of multiplication by
By abuse of language we call
It is known (cf. [Bo] ) that G ℓ is algebraic and
Remarks. 1. g ℓ does not depend on finite extensions of K (cf. [S 2] ).
0.3.0. The Tate conjecture states that the Tate cycles, i.e., the Galois invariants Hé
0.3.1. Faltings (cf. [F] ) has proved the analogs of Mumford's Theorem 0.1.2(1,2) and the (1,1)-theorem (a special case of the Tate conjecture) for abelian varieties.
Theorem.
The known relation between g ℓ and h ℓ is given [Bor] ).
0.4. The Mumford-Tate conjecture (=: MT) states g ℓ = h ℓ . Since g ℓ and h ℓ are reductive, it is the same as equivalence of the Hodge and the Tate conjectures for an abelian variety and all its self-products.
0.4.1. In order to prove MT it is enough to establish the conjecture for one ℓ ( [LP, Theorem 4.3] ).
This can be shown in a way similar to the proof of MT for CM abelian varieties (cf. [ShT] , and also [D 1]).
So, in order to prove MT one must show that g 0.5. Let a be a semi-simple Lie algebra over an algebraically closed field of characteristic 0, and a = a 1 × ... × a n be the decomposition of a into the product of its simple ideals. For any faithful irreducible representation U of a, U decomposes as a tensor product of irreducible representations U i of a i . Since U is faithful, none of the U i 's is trivial. Moreover, if the representation U admits a non-degenerate invariant bilinear form, then so does each U i .
We say that the representation is minuscule if the highest weight of each U i is minuscule, see [B, Ch.VIII, §7.3] . The following is the list of minuscule weights, [B, Ch.VIII, §7.3 and Table 2 ]: 
If l splits in k, λ, λ ′ being the primes of k over l, λ
Since λ ′ = λ σ , as in 0.2.2 we conclude V λ ′ ∼ =V λ and can rewrite the above sequence as
Remark. If ℓ does not split in k, then k ℓ is a field, (k ℓ : Q ℓ ) = 2, and the rest is identical to 0.2.2.
0.6.2. As in 0.2.2, by extending scalars to Q ℓ we get
Remark. For ℓ non-split in k , the same holds (cf. 0.2.2, 0.2.3).
0.7. We will need the following simple facts. We assume that D = k. 0.7.1. Proposition. The representations of g ℓ and h ℓ are non-self-dual.
Remarks. 1. This is true for any irreducible subrepresentation of W λ for any type IV abelian variety (e.g., [Mu] , [H] 
Proof. This is essentially proved in [D 3] , [W] . Let us, however, briefly explain why this holds and fix notations.
Let µ : G m,C → GL(V R ) be the cocharacter defining the Hodge structure on V , then the map h :
will call this power the µ-weight. Similarly,
and these two decompositions commute, since the former is determined by k ⊆ D and the Hodge group centralizes D in End Q (V ). Hence we can write
The µ-weight of U R is 0, hence the decomposition 
Using 0.4.4 we conclude 
ℓ 's of V ℓ are defined as follows:
where I is the absolute inertia group at a prime of K (=base field of A) over ℓ (cf.
0.3 for why we take the inertia instead of the whole decomposition group), χ ℓ is the cyclotomic character. Recall that the Galois action is continous and semi-linear on V ℓ (see [S 2, 1.2] ), and, clearly, the V (i) ℓ 's are Galois submodules of V ℓ . The Galois action on V ℓ (i) is by the formula
extended by linearity.
According to S. Sen ([Se, Section 4, Theorem 1])
, to the the Hodge-Tate decomposition on V ℓ one can associate a cocharacter by defining φ(z), ∀z ∈ C × ℓ , to be the automorphism of V ℓ which is multiplication by z on V ℓ (1) and by the identity on V ℓ (0). This association is made in such a manner that the algebraic envelopeG ℓ of the Galois image (cf. 0.3) turns out to be the smallest algebraic group defined over Q ℓ which after extension of scalars to C ℓ contains the image of φ.
Remark. This cocharacter φ is completely analogous to the cocharacter µ associated to the Hodge decomposition on V C ,G ℓ is the analog of the Mumford-Tate group M (A) and g ℓ is the analog of h, see 0.1.1.
1.0.3. Before proceeding, recall that for a Gaℓ(Q ℓ /Q ℓ )-module X, the Tate twist X(1) of X is defined to be X ⊗ Q ℓ Q ℓ (1) with the Galois structure of a tensor product of Galois modules (as in 1.0.1). Here Q ℓ (1) is the Tate module:
with the natural Gaℓ(Q ℓ /Q ℓ )-action by χ ℓ :
, ζ ∈ µ ℓ n , for some n. 
∨ is the cotangent space of the dual abelian variety A ∨ C ℓ at its origin and Lie(A C ℓ )(1) is the tangent space of A C ℓ at its origin Tate-twisted by χ ℓ .
1.0.5. On the other hand, we have the Hodge decomposition on V C = H 1 (A(C), C):
or, in our notation,
see the proof of 0.7.2.
1.0.6. Fix an isomorphism C ℓ ∼ = C. Then the comparison isomorphism c : Hé
or, in our notation, c :
1.0.7. On the other hand, both homology groups admit decompositions according to the action of k ⊆ End • (A) :
0.6.2) and
These two types of splittings commute, and consequently V σ C , V ρ C admit the Hodge decomposition, and V λ , V λ ′ admit the Hodge-Tate decomposition. The map c respects these splittings, hence maps either
Remark. If c : V ρ C → V λ , then m σ and m ρ exchange roles. This does not affect our results.
1.1. For abelian varieties of types I, II and III g ℓ , h ℓ are semi-simple and have the same invariants on V ℓ ⊗ Q ℓ V ℓ (cf. 0.4.3 and Remark 0.7.1 (2)). In the case of type IV, the Lie algebras can be non-semi-simple. Since g 
Since dim C ℓ (χ) = 1, it is of Hodge-Tate weight 0, 1 or 2. 
Remark. Another way to conclude that the Hodge-Tate weight of χ is 1 is to use a result of Raynaud that the Galois action on 1-dimensional subrepresentations of (co)homology is by (powers of) the cyclotomic character χ ℓ . Either way, the result is a consequence of the existence of the Hodge-Tate decomposition. The case of a simple 4-fold with (D : Q) ≥ 2 was studied in [MZ] . In this section we survey the 4-dimensional case just indicating the ideas involved. For details (in particular, proof of Theorem 2.4 below) see [MZ] .
2.1. If (D : Q) ≥ 2, then the dimensions ≤ 4 and the restrictions imposed on g ℓ , h (cf. 0.1.2, 0.3.1, 0.5) force the representations to be unique, hence abelian varieties Moreover, in"most cases" these Lie algebras are the "largest possible," viz., coincide with the Lie algebra of the Lefschetz group. Thus for any such abelian variety (excluding type III, cf. 0.1.5) the Hodge and the Tate conjectures hold.
2.2.
The case D = Q is slightly more subtle: the choice for g ℓ , h is not unique anymore. In fact, both possibilities, sl 2 × sl 2 × sl 2 and sp 8 , do occur.
The first one, viz., g ℓ = h ℓ ∼ = sp 8 , is the generic case (cf. [Ab 1], [Ma] ). Abelian
However, imposing some extra conditions on a simple 4-fold with D = Q we still can conclude MT (cf. 5.2).
2.2.1.
In the generic case g ℓ = h ℓ = l ℓ , where l ℓ := Lie(L(A)) ⊗ Q Q ℓ , the Lie algebra of the Lefschetz group, and all the conjectures follow from 0.1.5.
2.2.2.
In the Mumford case, h ∼ = sl 2 × sl 2 × sl 2 , again g ℓ = h ℓ and MT holds. However, l ∼ = sp 8 and not all the Hodge/Tate cycles (on self-products!) are divisorial. 2.3.1. If D = Q, then either g ℓ = h ℓ and MT holds, or g ℓ = h ℓ and then g ℓ ∼ = sl 2 × sl 2 × sl 2 , h ℓ ∼ = sp 8 . In the latter case the (Lie algebra of the) Hodge group is equal to the (Lie algebra of the) Lefschetz group, thus all the Hodge cycles on the self-products of the abelian variety are divisorial, see also §7.
2.3.2.
For the Weil case (cf. 0.7.3) generically the ring of Hodge cycles is not generated by divisors ( [W] , also [MZ] ). So, if there are any doubts about the Hodge conjecture (and hence the Tate conjecture), the Weil abelian varieties are the ones to look at. Recently, C. Schoen ([Sc] , also [vG] ) succeded in proving the Hodge conjecture for one family of Weil 4-folds admitting an action of Q(µ 3 ). 2.4. We summarize the above discussion in the following theorem.
Theorem. 1. If A is any 4-dimensional abelian variety, then the rings of the Tate cycles and the Hodge cycles coincide (hence, the Hodge and the Tate conjectures for
this variety are equivalent).
If, additionally, End
• (A) = Q, then MT holds.
Remarks. 1. Later (Theorem 5.2) we will see that even when End
2. Recall (0.4) that MT implies that the Hodge and the Tate conjectures are equivalent for an abelian variety and all its self-products.
3. If A is non-simple, then the second hypothesis of the theorem is satisfied.
Proof. The only "real" case to consider is that of A simple. The proof can be found in [MZ] (in fact, Moonen-Zarhin considered a deeper problem of "when and why" a simple 4-fold has an exceptional Weil class).
If A is a non-simple abelian 4-fold, say A is isogenous to A 1 ×A 2 , then dim(A i ) ≤ 3. Hence, by the (1,1)-theorems and duality, all the Hodge cycles on A i are divisorial. The embeddings g ℓ ⊂ h ℓ ֒→ sp(V ℓ ) factor through the sub-representations corresponding to the simple components of A. The dimensions of the sub-representations are ≤ 6, and there is not "enough room" for g ℓ and h ℓ to be different, i.e., g ℓ = h ℓ , hence MT holds.
2.5.
Let us indicate what is the situation regarding the Hodge and the Tate conjectures for non-simple abelian 4-folds. As above, let A be isogenous to
Then all the Hodge and the Tate cycles on the A i 's are divisorial.
2.5.1. We can also say that all the Hodge cycles (and hence the Tate cycles) on A and all its self-products are generated by divisors in the following cases:
1. Neither of the A i 's is of type IV ([H 2, Theorem 0.1]).
2.
A 1 is not of type IV, A 2 is of CM-type (loc. cit., Proposition 3.1). 3. If the A i 's are non-CM, type IV abelian surfaces, then according to [Sh 1, Theorem 5, Propositions 17, 19] , the A i 's are products of CM elliptic curves. Hence so is A = A 1 × A 2 and for such abelian varieties the result stated above is known ( [Im] ; [H 1, Theorem 2.7] ).
4.
If the A i 's are isogenous CM surfaces, then by remark 0.1.2(1) and 0.1.5,
, and applying 0.1.5(1) once again we conclude the result.
2.5.2.
For the remaining case, viz., both the A i 's are non-isogenous CM abelian varieties, let us just mention that Shioda constructed an example of a product of a simple CM 3-fold, A 1 , with a CM elliptic curve, A 2 , such that on A = A 1 × A 2 there exist exceptional, non-divisorial, Hodge cycles, [Shi, Example 6.1] . In this example, however, the Hodge (hence the Tate) conjecture holds.
II. Abelian varieties with reduction conditions
3. Bad reduction and monodromy action 3.0. Let A be an abelian variety defined over a number field K. Assume A has fiber of the Néron model of A. ThenÃ is semi-abelian:
where H is the affine subgroup ofÃ, B is the abelian quotient.
3.0.1. Since we are concerned with the Lie algebra of the (image of) Galois, we may pass to a finite extension of K (cf. Remark 1 in 0.3). So, according to the semi-stable reduction theorem ( [G, Théorèm 3.6] ), by extending the base field if necessary, we may assume that the reduction is semi-stable (i.e., H is a torus) and split (i.e., H is split: H ∼ = G r m ). The dimension r of H we call the toric rank of (the reduction of) A.
D = End
• (A) as before, there is a homomorphism D → End
3.1. Consider the corresponding "specialization sequence"
where V ℓ (A) is the Tate module of A, I := I(℘) is the inertia group at ℘, V
I is the submodule of I-invariants and U is a trivial I-module (cf. [G, Proposition 3.5] ). We have dim
3.2.
The above sequence is a sequence of of I-modules. The I-action is called the local monodromy action.
3.3.
The reduction map at ℘ induces an isomorphism V I ℓ ∼ = V ℓ (Ã), the Tate module ofÃ, and takes a submodule W ⊆ V I ℓ to the Tate module V ℓ (H) ⊆ V ℓ (Ã) of the toric part H ofÃ (cf. [ST, Lemma 2] , [G, 2.3] , [I] , [O] ). In fact, according to the "Igusa-Grothendieck Orthogonality Theorem," W = (V I ) ⊥ with respect to the Weil pairing on V (cf. [I, Theorem 1] , [G, Théorème 2.4] , also [O, Theorem (3. 1)]).
3.4.
The monodromy action on V ℓ (A) is, in general, quasi-unipotent (e.g., [G] , [ST] , [O] ). However, since (we assumed that) the reduction of Ais semi-stable and split, this action is, in fact, unipotent (cf. [G, Corollaire 3.8] ).
3.4.0. Picking a vector subspace T of V ℓ (A) specializing to U , we get the matrix form of the monodromy action:
3.4.1. Passing to the Lie algebra i := Lie(I), we conclude the existence of nilpotents, τ ∈ i ⊂ g ℓ , of order 2, i.e., τ 2 = 0, and rank (with respect to
where rk V ℓ (τ ) := dim Q ℓ (τ V ℓ ) = rank of the matrix of τ ∈ gl(V ℓ ).
3.4.2.
The Neron-Ogg-Shafarevich criterion ensures that ∃ τ = 0, since A has bad reduction.
3.4.3. Moreover, if N is given by the above matrix, then τ = N − 1 2g is the logarithm of the monodromy corresponding to the monodromy filtration (cf. [G, 4.1 and also Corollaire 4.4] ; also [Il, 2.6 [G, 4.1.2] , [Il, (2.6.3) ]; see also our Remark in 0.3 for why we omit the Tate twist in this formula). In particular, rk V ℓ (τ ) = r.
3.5. By extending scalars to Q ℓ we get the corresponding nilpotents (of the same order) in each irreducible component of V ℓ ⊗ Q ℓ with the sum of the ranks with respect to each of the components being equal to the rank with respect to V ℓ .
Minimal reduction
4.0. We say that an abelian variety A over a number field has minimal bad reduction at a prime ℘ of this field (or, just minimal reduction, for short) if the reduction is bad and the rank of the toric part H ofÃ (cf. 3.0) is the minimal possible. 
Let us go back to the case
g, h : semi-simple irreducible representations.
4.2.
It is a very restrictive condition for an irreducible representation of a semisimple Lie algebra to contain a transvection.
Lemma. If a ֒→ sl(U ) is a semi-simple faithful irreducible representation, τ ∈ a, τ 2 = 0, rk U (τ ) = 1, then a is simple and, moreover, it is either sp(U ) or sl(U ).
Proof. This is proved in [McL] (cf. also [PS] ).
4.3.
We will also need the following simple fact. [Mus] has proved a "geometric analog" of MT for (families of) abelian varieties with purely multiplicative reduction (i.e., the algebraic envelope of the image of the monodromy coincides with the Hodge group for a "sufficiently general" abelian variety in the family), cf. also [H 3 ]. It appears, though, that his methods cannot be transplanted to the arithmetic situation.
6. Another type of bad reduction 6.0. Now we want to establish a result analogous to Theorem 5.1 for another type of bad reduction. Namely, consider an abelian variety A admitting bad (semi-stable, split) reduction of toric rank r such that r/(D : Q) is prime to 2 dim ( We use the fact that the representations of g, h are minuscule and g is not exceptional (0.5.1).
We may assume that the dimensions of the representations is > 4.
6.1. One of our key tools replacing Lemma 4.2 is the following result. [PS, Theorem 3] , and exclude non-minuscule cases.
6.2. We will be interested in 2 cases: D = k and D = Q. In the former case we know that g and h are both non-self-dual (cf. Theorem 1.1) and if they satisfy the conditions of the theorem, then -h is classical, ̟ 1 and non-self-dual, hence h = (A n , ̟ 1 ) -g is classical, minuscule and non-self-dual, hence g = (A m , ̟ s ), m = 2s.
If D = Q, we know that g, h are symplectic and we again have a unique possibility for h, viz., h = (C n , ̟ 1 ). However, there are several a priori possible choices for g.
To eliminate (as many as we can) possibilities of g = h we use the existence in the representations of a quadratic nilpotent of rank prime to the dimension of the representation.
So, we consider a slightly more general situation. As above Remark. If the k-signature of the abelian variety is (m σ , m ρ ) with m σ = m ρ , then, even if g is not simple, simple components of g are of type A (cf. [Y] ).
So, the only possibility for g h is g = (A m , ̟ s ) for some s, h = (A n−1 , ̟ 1 ). In this case we can say the following.
Proposition. Let g = (A m , ̟ s ) ֒→ h = (A n−1 , ̟ 1 ) ∼ = sl(U ) (fix the isomorphism), 2 ≤ s < 6.6. Using the same methods one can handle the case of quadratic elements of rank 2. Namely, the following result holds. ̟ 2 ) ), or b = a × sl 2 , where a ∼ = sl g or sp g . Since g, h are symplectic, the only possibility is sp(U ) ! 6.7. All the varieties considered in §6 exist and dense in the (complex topology in the) corresponding moduli spaces (cf. [L] ).
6.8. 1. The idea of using special element(s) in the representation of the Hodge group has been used before. However, to our knowledge, in those earlier cases the element was semi-simple of low rank (e.g., [Z 1]) and the results then follow from a theorem of Kostant [Ko] (cf. also [Z 3] Proof. As we mentioned in 6.0, the representations of h ℓ , g ℓ are minuscule, hence quadratic (cf. [B, Ch VIII, §7.3, Proposition 7] ), then so is l ℓ := l ⊗ Q Q ℓ , where l is the Lie algebra of the Lefschetz group (cf. 0.1.5), and g ⊂ h ⊂ l ⊆ sl(U ) (cf. 0.2.3;
here l := l ss ℓ , l ℓ = l ℓ ⊗ Q ℓ Q ℓ ). If g h (i.e., MT does not hold), then by Theorem 6.1 h ֒→ sl(U ) is classical and ̟ 1 . Thus l is also simple, classical and ̟ 1 . We want to show that in this case h ℓ = l ℓ and the theorem then follows from 0.1.5.
Consider first the case of an abelian variety of type I or II. The Lie algebras h ℓ and l ℓ are both symplectic, simple, classical and ̟ 1 . Hence h ℓ = sp(U ) (resp. so(U )) = l ℓ . * As an application of Katz's classification of representations containing such unipotents (cf. loc. cit., 11.5∼11.7) one can find modular curves for which the image of Galois in the corresponding
